A finite difference approximation for the Caputo fractional derivative of the 4 -b, 1 < b £ 2 order has been developed. A difference schemes for solving the Dirihlet's problem of the Poisson's equation with fractional derivatives has been applied and solved. Both the stability of difference problem in its right-side part and the convergence have been proved. A numerical example was developed by applying both the Liebman and the Monte-Carlo methods.
Introduction
Fractional partial differential equations are generalizations of classical partial differential equations by replacing the integer-order derivatives by fractional-order derivatives [1, 2] . Because fractional derivatives provide useful tools for a description of memory and hereditary properties, the utility of fractional partial differential equations in mathematical modelling attracts more and more attention [3] [4] [5] . Different effective methods such as the fractional complex transform [6, 7] , the homotopy perturbation method [8, 9] , the variational iteration method [10] , the exp-function method [11, 12] , the heat-balance integral method [13] [14] [15] [16] , and others [17] [18] [19] .
In this paper we consider the Poisson equation with fractional derivatives in the domain D = {0 < x < a, 0 < y < b} concerning the solution u(x, y) satisfying the equation: 
with a boundary condition
where G is the boundary of the area D, and the fractional order is 1 < b £ 2, and are fractional Caputo derivatives [1, 2] with respect the space variables x and y, respectively.
The time and space-fractional partial differential equation describe transport dynamics in complex systems governed by anomalous dispersion and non-exponential relaxation [3] . Because of complexity in the theoretic analysis of numerical approximation of fractional systems, the common approach is to apply the finite difference method to discretize fractional derivative operators, and then obtain the numerical solutions of the fractional partial differential equations. There exists significant interest in developing numerical methods for their solutions. Meerschaert et al. [17, 18] considered one dimensional Riemann-Liouville (R-L) fractional advection dispersion equation with variable coefficients on a finite domain [6] and two-sides space-fractional partial differential equations [18] by finite difference method. Muslih et al. [19] proposed a Fourier transform method to solve fractional Poisson's equation with Riesz fractional derivative. Tadjeran et al. [20] developed a second-order accurate numerical approximation for the fractional diffusional equation. Goloviznin et al. [21] developed a numerical method for solutions of some 1-D equations with fractional derivatives. Beibalaev [22, 23] , developed a numerical method of the solution for heat transfer problems in media with fractal structures.
The outline of the paper is: (1) we consider a finite difference approximation of the Caputo derivative, and (2) Develop a numerical method and investigating the right-side stability and the convergence of the numerical scheme. (3) A numerical example by using the Liebman method [24] and the Monte Carlo approach based on the suggested finite difference approximation scheme is developed.
The numerical method

Finite difference approximation of the Caputo derivatives
From the definition of the Caputo derivative [2] in the interval [x n , x n+1 ] we obtain:
is the gamma function. Expressing of the second order derivative with respect to the space variable ¢¢ u x ( ) by finite differences in the interval [x n , x n + 1 ] we get:
Hence, the finite difference approximation of the fractional derivative of order b is:
Similarly, we have: 
Substitution of the functions u(x n + h) and u(x n -h) developed as Taylor's series, in (4) yields:
where
The numerical method
For finding the solution of the problem (1) in the area`
Then, using the equalities expressions (4b) and (5) we get the difference scheme:
is a set of boundary nodes.
For seek convenience eq. (7) can be expressed in a form with respect to u n,m , i. e. in a form: 2 3
Let us denote as z, i. e. z n,m = ( x n , y m ) the central point of a template, approximating eq. (1a) . Moreover, Z(x) denotes the entire template of five points z n,m , z n±1,m , z n,m±1 , while denotes Z ¢(x) all points of Z(x) except the central one z n,m = (x n , y m ), i. e. Z¢ (x) is a template of four points z n±1,m , z n, m±1 . Then, eq. (9) may be expressed as:
, , ± ± = -= -
xÎ ¢ å we write down eq. (9) as: Let us express the solution (11) as a sum u(z) =ũ(z) + u(z) , where u(z) is the solution of a homogeneous equation with non-homogeneous boundary conditions:
and u (z) is the solution of non-inhomogeneous equation with a homogeneous boundary condi-
With respect to solution (11) , all the conditions of the maximum principle are satisfied, and we have:~,
After simple transformations we read
Right-side stability and convergence
Stability
Let us construct a majorant function for solving the problem (13) and apply the comparison theorem, namely: 
using the function (16) for all zÎw. Then, the function LY (z) can be expressed as:
According to the definition of the fractional derivation in Caputo sense for 1 < b £ 2 we have: 
where 
where F(z) = LY(z) = 2KG(b + 1) and y(z) ³ 0 are the values of function (16) for zÎg.
then all conditions of the comparison theorem [24] concerning the problems (12) and (13) are satisfied. From the comparison theorem it follows that:
Notice that eq. (21b) follows from the choice of K defined above. Moreover, according to the triangle inequality and (14a,bc), concerning the solutions of (7) and (8) we get the following estimations about the stability of the difference scheme of the right-side part f and the boundary conditions Y, namely
The constants in (22) are independent of the grid steps h and l, and the difference scheme (7) is stable.
Convergence and error estimation
Let us denote h n,m = z n,m -u(x n , y m ). Here Z n,m is a solution of the difference problem (7), and u(x, y) is a solution of the (1a). Then, substituting z n,m = h n,m + u(x n , y m ) in eq. (7) ). Notice that the problem (23) differs from the difference scheme (7) only with respect to the right-side parts. Therefore, the following estimation is correct, namely:
is a constant independent of h and l. Therefore, the difference scheme (8) The Monte-Carlo method to the set of difference equations developed
Solution scheme
Let us consider a case when h = l that transforms the set (7) as:
where u n,m is the approximated value of u(nh, mh) for 1 £ n and m £ L -1. If the point (nh, mh) is at the boundary, then the value of u n,m is known and equals y(nh, mh), f n,m = f(nh, mh). The relationship (25) is, in fact, a "complete mathematical expectation" if to assume f n,m = 0. Hence, the average values x n,m meet the following:
(1) A point matching the node (nh, mh), suggests the initial value of the counter to be As an example we consider a problem solved by the Liebman and the Monte Carlo methods.
Example problem: a numerical solution
Find the solution of: 
